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DEGENERATE EULERIAN NUMBERS AND POLYNOMIALS
TAEKYUN KIM AND DAE SAN KIM
Abstract. In this paper, we study the degenerate Eulerian polynomials
and numbers and give some new and interesting identities associated with
several special numbers and polynomials.
1. Introduction
In combinatorics, the Eulerian number
〈
n
m
〉
, is the number of permutations of
the numbers 1 to n in which exactly m elements are greater than the previous
element.
Indeed, the generating function of Eulerian numbers is given by(
∞∑
k=0
(k + 1)nxk
)
(1− x)n+1 =
∞∑
m=1
〈
n
m− 1
〉
xm, (see [7, 10]). (1.1)
Thus, by (1.1), we get〈
n
m
〉
=
m+1∑
l=0
(
n+ 1
l
)
(−1)l(m+ 1− l)n, (n ∈ N,m ≥ 0). (1.2)
From (1.2), we note that〈
n
m
〉
=
m+1∑
k=0
(
n+ 1
k
)
(−1)k(m+ 1− k)n
=
m+1∑
k=0
(
n+ 1
k
)
(−1)k(m+ 1− k)n−1(m+ 1− k)
= (m+ 1)
m+1∑
k=0
(
n+ 1
k
)
(−1)k(m+ 1− k)n−1
−
m+1∑
k=1
(
n+ 1
k
)
k(−1)k(m+ 1− k)n−1
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= (m+ 1)
m+1∑
k=0
(
n+ 1
k
)
(−1)k(m+ 1− k)n−1
− (n+ 1)
m+1∑
k=1
(
n
k − 1
)
(−1)k(m+ 1− k)n−1
= (m+ 1)
m+1∑
k=0
(
n+ 1
k
)
(−1)k(m+ 1− k)n−1 + (n+ 1)
m∑
k=0
(
n
k
)
(−1)k(m− k)n−1
= (m+ 1)
m+1∑
k=0
((
n
k
)
+
(
n
k − 1
))
(−1)k(m+ 1− k)n−1 + (n+ 1)
〈
n− 1
m− 1
〉
= (m+ 1)
〈
n− 1
m
〉
+ (m+ 1)
m+1∑
k=1
(
n
k − 1
)
(−1)k(m+ 1− k)n−1 + (n+ 1)
〈
n− 1
m− 1
〉
= (m+ 1)
〈
n− 1
m
〉
+ (m+ 1)
m∑
k=0
(
n
k
)
(−1)k−1(m− k)n−1 + (n+ 1)
〈
n− 1
m− 1
〉
= (m+ 1)
〈
n− 1
m
〉
− (m+ 1)
〈
n− 1
m− 1
〉
+ (n+ 1)
〈
n− 1
m− 1
〉
= (n−m)
〈
n− 1
m− 1
〉
+ (m+ 1)
〈
n− 1
m
〉
.
(1.3)
By (1.3), we obtain the recurrence relation for Eulerian numbers as follows:
〈
n
m
〉
= (n−m)
〈
n− 1
m− 1
〉
+ (m+ 1)
〈
n− 1
m
〉
, (see [3, 7, 10]). (1.4)
As is well known, the Eulerian polynomials, An(t), (n ≥ 0), are defined by the
generating function
1− t
ex(t−1) − t
= eA(t)x =
∞∑
n=0
An(t)
xn
n!
, (1.5)
with the usual convention about replacing An(t) by An(t). From (1.4), we note
that
(
A(t) + (t− 1)
)n
− tAn(t) = (1 − t)δ0,n, (n ≥ 0), (1.6)
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where δn,k is the Kronecker’s symbol (see [7]). From (1.3), (1.4), (1.5) and (1.6),
we note that
An(t) =
n∑
l=0
〈
n
l
〉
tl, (n ≥ 0), (see [3, 7, 10]). (1.7)
The first few Eulerian polynomials are given by
1 + t+ t2 + t3 + · · · =
1
1− t
=
A0(t)
1− t
,
1 + 2t+ 3t2 + 4t3 + · · · =
1
(1 − t)2
=
A1(t)
(1− t)2
,
1 + 22t+ 32t2 + 42t3 + · · · =
1 + t
(1− t)3
=
A2(t)
(1 − t)3
,
1 + 23t+ 33t2 + 43t3 + · · · =
1 + 4t+ t2
(1− t)4
=
A3(t)
(1− t)4
.
(1.8)
The Worpitzky’s identity expresses xn as the linear combination of Eulerian
numbers with binomial coefficients as follows:
xn =
n−1∑
k=0
〈
n
k
〉(
x+ k
n
)
, (see [3, 4, 5, 6, 7, 9, 10]). (1.9)
From (1.6), we note that
A0(t) = 1, An(t) =
1
t− 1
n−1∑
l=0
(
n
l
)
Al(t)(t− 1)
n−l, (n ≥ 1), (1.10)
and
m∑
k=1
kmtk =
n∑
i=1
(−1)n+i
(
n
i
)
tm+1An−i(t)
(t− 1)n−i+1
mi + (−1)n
t(tm − 1)
(t− 1)n+1
An(t), (1.11)
where m ≥ 1 and n ≥ 0 (see [7,10]).
In [6], the degenerate ordered Bell polynomials are defined by the generating
function
1
2− (1 + λt)
1
λ
(1 + λt)
x
λ =
∞∑
n=0
bn,λ(x)
tn
n!
. (1.12)
When x = 0, bn,λ = bn,λ(0) are called the degenerate ordered Bell numbers. It
is well known that the Frobenius-Euler polynomials are given by the generating
function
1− u
et − u
ext =
∞∑
n=0
Hn(x|u)
tn
n!
, (1.13)
4 TAEKYUN KIM AND DAE SAN KIM
where u 6= 1. (see [8]). When x = 0, Hn(u) = Hn(0|u) are called the Frobenius-
Euler numbers. Recently, several authors have studied some interesting exten-
sions and modifications of Eulerian polynomials and numbers (see [1-12]).
In this paper, we study the degenerate Eulerian polynomials and numbers,
which are due to Carlitz (see [1]), and give some new and interesting identities
for these numbers and polynomials associated with several special numbers and
polynomials.
2. Degenerate Eulerian polynomials and numbers
We recall that the Stirling numbers of the first kind and of the second kind
are defined by the generating function as follows:
1
k!
(
log(1 + t)
)k
=
∞∑
n=k
S1(n, k)
tn
n!
, (2.1)
and
1
k!
(
et − 1
)k
=
∞∑
n=k
S2(n, k)
tn
n!
, (see [11]). (2.2)
For λ ∈ R, we consider the degenerate Eulerian polynomials given by the gener-
ating function
1− t
(1 + λx)
t−1
λ − t
=
∞∑
n=0
An,λ(t)
xn
n!
. (2.3)
Note that limλ→0 An,λ(t) = An(t), (n ≥ 0). From (2.3), we have
1− t =
(
∞∑
n=0
An,λ(t)
xn
n!
)
·
(
(1 + λx)
t−1
λ − t
)
=
(
∞∑
k=0
Ak,λ(t)
xk
k!
)(
∞∑
m=0
(
t−1
λ
m
)
λmxm − t
)
=
(
∞∑
k=0
Ak,λ(t)
xk
k!
)(
∞∑
m=0
(t− 1)m,λ
xm
m!
− t
)
=
∞∑
n=0
(
n∑
k=0
(
n
k
)
Ak,λ(t)(t − 1)n−k,λ − tAn,λ(t)
)
xn
n!
,
(2.4)
where (x)n,λ = x(x − λ) · · · (x− (n− 1)λ), (n ≥ 1), (x)0,λ = 1.
Comparing the coefficients on both sides of (2.4), we get
n∑
k=0
(
n
k
)
Ak,λ(t)(t− 1)n−k,λ − tAn,λ(t) = (1− t)δ0,n. (2.5)
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Thus, from (2.5), we have
n−1∑
k=0
(
n
k
)
Ak,λ(t)(t − 1)n−k,λ = (t− 1)An,λ(t), (n ≥ 1), A0,λ(t) = 1. (2.6)
For n ≥ 1, we have
An,λ(t) =
1
t− 1
n−1∑
k=0
(
n
k
)
Ak,λ(t)(t − 1)n−k,λ. (2.7)
From (2.3), we note that
∞∑
n=0
An,λ(t)
xn
n!
=
1− t
(1 + λx)
t−1
λ − t
=
1− t
e
t−1
λ
log(1+λx) − t
=
∞∑
k=0
Ak(t)
λ−k
k!
(
log(1 + λx)
)k
=
∞∑
k=0
Ak(t)λ
−k
∞∑
n=k
S1(n, k)
λnxn
n!
=
∞∑
n=0
(
n∑
k=0
Ak(t)λ
n−kS1(n, k)
)
xn
n!
.
(2.8)
Thus, by comparing the coefficients on both sides of (2.8), we get
An,λ(t) =
n∑
k=0
Ak(t)λ
n−kS1(n, k), (n ≥ 0). (2.9)
In view of (1.7), we define the degenerate Eulerian polynomials by
An,λ(t) =
n∑
l=0
〈
n
l
〉
λ
tl. (2.10)
Thus, we easily get limλ→0
〈
n
l
〉
λ
=
〈
n
l
〉
, (n ≥ 0). From (1.7), (2.9) and (2.10),
we have
n∑
l=0
〈
n
l
〉
λ
tl = An,λ(t) =
n∑
k=0
Ak(t)λ
n−kS1(n, k)
=
n∑
k=0
k∑
l=0
〈
k
l
〉
tlλn−kS1(n, k)
=
n∑
l=0
(
n∑
k=l
〈
k
l
〉
λn−kS1(n, k)
)
tl.
(2.11)
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Comparing the coefficients on both sides of (2.11), we obtain〈
n
l
〉
λ
=
n∑
k=l
〈
k
l
〉
λn−kS1(n, k), (0 ≤ l ≤ n). (2.12)
By (1.12) and (2.3), we get
∞∑
n=0
bn,λ
xn
n!
=
1
2− (1 + λx)
1
λ
=
∞∑
n=0
An,λ(2)
xn
n!
. (2.13)
Thus, by (2.11), we have
bn,λ = An,λ(2) =
n∑
l=0
〈
n
l
〉
λ
2l
=
n∑
l=0
n∑
k=l
〈
k
l
〉
λn−kS1(n, k)2
l,
(2.14)
where 0 ≤ l ≤ n. For 0 ≤ l ≤ n, we have
〈
n
l
〉
λ
=
n∑
k=l
l+1∑
m=0
(
k + 1
m
)
(−1)m(l + 1−m)kλn−kS1(n, k). (2.15)
Note that
lim
λ→0
〈
n
l
〉
λ
=
l+1∑
m=0
(
n+ 1
m
)
(−1)m(l + 1−m)n
=
〈
n
l
〉
, (0 ≤ l ≤ n).
From (2.8), we can derive the following equation:
∞∑
n=0
An,λ(t)
xn
n!
=
1− t
(1 + λx)
t−1
λ − t
=
1− t
e
t−1
λ
log(1+λx) − t
=
∞∑
n=0
Hn(t)
1
n!
(
t− 1
λ
)n (
log(1 + λx)
)n
=
∞∑
k=0
Hk(t)
(
t− 1
λ
)k ∞∑
n=k
S1(n, k)
λnxn
n!
=
∞∑
n=0
(
n∑
k=0
(t− 1)kHk(t)λ
n−kS1(n, k)
)
xn
n!
,
(2.16)
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where Hn(t) is the Frobenius-Euler numbers. By (2.16), we get
An,λ(t) =
n∑
k=0
λn−kS1(n, k)Hk(t)(t − 1)
k, (n ≥ 0). (2.17)
Let us take t = 2. Then we have
bn,λ =
n∑
k=0
λn−kS1(n, k)Hk(2), (n ≥ 0). (2.18)
3. Further remark
Let p be an odd prime number. Throughout this section, Zp, Qp and Cp
will denote the ring of p-adic integers, the field of p-adic rational numbers and
the completion of the algebraic closure of Qp, respectively. The p-adic norm
is normalized so that |p|p =
1
p
. Let q be an indeterminate in Cp such that
|1− q|p < p
−
1
p−1 . As notations, the q-numbers are defined by
[x]q =
1− qx
1− q
, and [x]−q =
1− (−q)x
1 + q
.
Let f be a continuous function on Zp. Then the fermionic p-adic q-integral on
Zp is defined as
I−q(f) =
∫
Zp
f(x)dµ−q(x) = lim
N→∞
1
[pN ]−q
pN−1∑
x=0
f(x)(−q)x. (3.1)
From (3.1), we note that
qI−q(f1) + I−q(f) = [2]qf(0), where f1(x) = f(x+ 1). (3.2)
By (3.2), we get(
q + (1 + λt)−
1+q
λ
q
)∫
Zp
(1 + λt)−
x
λ
(1+q)dµ
−q−1 (x) = [2]q−1 , (3.3)
where λ ∈ Zp and |t|p < p
−
1
p−1 . Thus, from (3.3), we have∫
Zp
(1 + λt)−
x
λ
(1+q)dµ
−q−1(x) =
1 + q
q + (1 + λt)−
1+q
λ
(3.4)
From (2.3) and (3.4), we note that∫
Zp
(1 + λt)−
x
λ
(1+q)dµ−q−1(x) =
∞∑
n=0
An,λ(−q)
tn
n!
. (3.5)
Now, we define the degenerate rising factorials as follows:
< x >0,λ= 1, < x >n,λ= x(x + λ)(x+ 2λ) · · · (x+ (n− 1)λ), (n ≥ 1). (3.6)
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It is not difficult to show that
(1 + λt)−
x
λ
(1+q) = e−
x
λ
(1+q) log(1+λt) =
∞∑
n=0
(−1)n
(x
λ
)n
(1 + q)n
(
log(1 + λt)
)n
n!
=
∞∑
k=0
(−1)k
(x
λ
)k
(1 + q)k
∞∑
n=k
S1(n, k)λ
n t
n
n!
=
∞∑
n=0
(
n∑
k=0
(−1)kλn−k(1 + q)kS1(n, k)x
k
)
tn
n!
.
(3.7)
From (3.2), we note that∫
Zp
extdµ−q−1 (x) =
q + 1
et + q
=
∞∑
n=0
Hn(−q)
tn
n!
. (3.8)
Thus, by (3.8), we get∫
Zp
xndµ−q−1 (x) = Hn(−q), (n ≥ 0),
where Hn(−q) are the Frobenius-Euler numbers. From (3.7) and (3.8), we have∫
Zp
(1 + λt)−
x
λ
(1+q)dµ−q−1(x) =
∞∑
n=0
(
n∑
k=0
(−1)kλn−k(1 + q)kS1(n, k)Hk(−q)
)
tk
k!
(3.9)
Comparing the coefficients on both sides of (3.5) and (3.9), we have
An,λ(−q) =
n∑
k=0
(−1)kλn−k(1 + q)kS1(n, k)Hk(−q), (n ≥ 0). (3.10)
In particular,
(1 + λt)−
x
λ
(1+q) =
∞∑
n=0
(
− x
λ
(1 + q)
n
)
λntn
=
∞∑
n=0
(
− x
λ
(1 + q)
)
n
λn
tn
n!
=
∞∑
n=0
(−1)n < (1 + q)x >n,λ
tn
n!
=
∞∑
n=0
(−1)n < x >n, λ
1+q
(1 + q)n
tn
n!
(3.11)
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From (3.11), we note that
∞∑
n=0
An,λ(−q)
tn
n!
=
∫
Zp
(1 + λt)−
x
λ
(1+q)dµ
−q−1(x)
=
∞∑
n=0
(−1)n(1 + q)n
∫
Zp
< x >n, λ
1+q
dµ−q−1(x)
tn
n!
.
(3.12)
Thus, by comparing the coefficients on the both sides of (3.12), we get∫
Zp
< x >n, λ
1+q
dµ
−q−1(x) = (−1)
nAn,λ(−q)
(1 + q)n
, (n ≥ 0). (3.13)
For any positive real number λ, the degenerate unsigned Stirling numbers of the
first kind |S1,λ(n, l)| are defined by
< x >n,λ=
n∑
l=0
|S1,λ(n, l)|x
l, (n ≥ 0). (3.14)
From (3.14), we have∫
Zp
< x >n, λ
1+q
dµ
−q−1(x) =
n∑
l=0
|S1, λ
1+q
(n, l)|
∫
Zp
xldµ
−q−1(x)
=
n∑
l=0
|S1, λ
1+q
(n, l)|Hl(−q).
(3.15)
Hence, by (3.13) and (3.15), we get
n∑
l=0
|S1, λ
1+q
(n, l)|Hl(−q) = (−1)
nAn,λ(−q)
(1 + q)n
, (n ≥ 0).
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